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I— s 

Abstract. We study 6-dimensional nearly Kahler manifolds admitting a Killing vec- 
tor field of unit length. In the compact case it is shown that up to a finite cover there 
is only one geometry possible, that of the 3-symmetric space S 3 x S 3 . 
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1. Introduction 



Nearly Kahler geometry (shortly NK in what follows) naturally arises as one of the 
sixteen classes of almost Hermitian manifolds appearing in the celebrated Gray-Hervella 
j> ■ classification [8]. These manifolds were studied intensively in the seventies by A. Gray 

[7]. His initial motivation was inspired by the concept of weak holonomy [7], but very 
recently it turned out that this concept, as defined by Gray, does not produce any new 
geometric structure (see [1]) other than those coming from a Riemannian holonomy 
reduction. One of the most important properties of NK manifolds is that their canonical 
Hermitian connection has totally skew-symmetric, parallel torsion [15]. From this point 
of view, they naturally fit into the setup proposed in [6] towards a weakening of the 
notion of Riemannian holonomy. The same property suggests that NK manifolds might 
be objects of interest in string theory [10]. 

j> \ The structure theory of compact NK manifolds, as developed in [16] reduces their study 

to positive quaternionic Kahler manifolds and nearly-Kahler manifolds of dimension 6. 
The last class of manifolds falls in the area of special metrics with very rigid - though 
not yet fully understood - properties. 

Indeed, it is known since a long time that in 6 dimensions, a NK metric which is not 
Kahler has to be Einstein of positive scalar curvature. Moreover, such a structure is 
characterized by the existence of some (at least locally defined) real Killing spinor [13]. 
Combining these properties with the fact that the first Chern class (form) vanishes [7], 
one observes that non-Kahler, nearly Kahler six-dimensional manifolds solve most of 
the type II string equations [10]. Despite of all these interesting features, very little is 
known about these manifolds. In particular, apart from the 3-symmetric spaces 

S 6 ,S 3 xS 3 ,CP 3 ,F{l,2) 

no compact example is available and moreover these is are the only compact homoge- 
neous examples [5]. 

In a recent article [14], Hitchin shows that nearly parallel G^structures ([11] for an 
account) and NK manifolds of 6 dimensions have the same variational origins. On the 
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other hand, many examples of nearly parallel Contractures are available since any 7- 
dimensional, 3-Sasakian manifold carries such a structure [11, 12] and a profusion of 
compact examples of the latter were produced in [4]. Since one property of 3-Sasakian 
manifolds is to admit unit Killing vector fields, one might ask whether this can happen 
in the NK setting. 

In the present paper we study 6-dimensional non-Kahler, nearly Kahler manifolds which 
globally admit a Killing vector field £ of constant length. After recalling some elementary 
features of nearly Kahler geometry in Section 2, we show in Section 3 that any Killing 
vector field of unit length induces a transversal almost hyper-Hermitian structure on 
the manifold. The almost hyper-Hermitian structure is preserved by the Killing vector 
field £ but not by J£ (here J denotes the almost complex structure of the nearly Kahler 
structure). We measure this in the fourth section by computing the Lie derivatives of 
the various geometrically significant tensors in the direction of JC,. This technical part 
is used in Section 5 to perform a double reduction of the 6-dimensional nearly Kahler 
manifold. The resulting 4-dimensional manifold is in fact a Kahler-Einstein surface 
of positive scalar curvature admitting a orthogonal almost-Kahler structure inducing 
the opposite orientation. The geometry of the situation is completely understood in 
terms of this data. Moreover, if the nearly Kahler manifold is compact, a Sekigawa- 
type argument from [2] shows that the almost-Kahler structure is actually integrable, 
allowing us to prove the main result of this paper. 

Theorem 1.1. Let (M 6 ,g, J) be a complete nearly Kahler manifold. If g admits a unit 
Killing vector field, then up to a finite cover (M 6 ,g, J) is isometric to S 3 x S* 3 endowed 
with its canonical NK structure. 

2. Nearly Kahler Manifolds 

An almost Hermitian manifold (M,g,J) is called nearly Kahler if (V ' X J)X = is 
satisfied for all vector fields X. In other words, the covariant derivative of J (viewed as 
a (3, 0)-tensor via the metric g) is skew-symmetric in all three arguments, not only in 
the last two, as it is the case for general almost Hermitian structures. This is equivalent 
to dVt = 3Vf2, where Q is the fundamental 2-form, i.e. Q(X,Y) := g(JX,Y). The 
following lemma summarizes some of the known identities for nearly Kahler manifolds. 

Lemma 2.1. Let (M,g, J) be a nearly Kahler manifold. Then 

(1) (Vx J)Y + (VyJ)X = 

(2) (Vj X J)Y = (V X J)JY 

(3) J((V X J)Y) = -{V X J)JY = -{V JX J)Y 

(4) g(V x Y,X)=g(V x JY,JX) 

(5) 2g((V 2 w , x J)Y, Z) = -o- xxz g((V w J)X, (V Y J)JZ) 

where o~ Xi y,z denotes the cyclic sum over the vector fields X,Y, Z . 

A nearly Kahler manifold is called to be of constant type a if 

||(Vx J)0n|| 2 = a{||X|| 2 ||F f - g(X, Yf - g(JX, Yf} 
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holds for any vector fields X, Y. A. Gray proved that a nearly Kahler manifold of 
positive constant type is necessarily 6-dimensional (cf. [7]). Moreover he showed: 

Proposition 2.2. Let (M,g,J) be a 6-dimensional nearly Kahler, non-Kahler mani- 
fold, then 

(1) M is of constant type a > 0. 

(2) Ci(M) = and in particular M is a spin manifold. 

(3) (M, g) is Einstein and Ric = 5cJd = 5Ric* 

Here the *-Ricci curvature Ric* is defined as Ric*(X, Y) = XxiZ \— > R(X,JZ)JY)). 
From this it easily follows that Ric*(X, Y) = TZ(Q)(X, JY), where 1Z denotes the cur- 
vature operator on 2-forms. 

Lemma 2.3. Let (M 6 ,gJ) be a nearly Kahler manifold of constant type a, then 

g((VuJ)X,(V Y J)Z) = a{g(U,Y)g(X,Z)-g(U,Z)g(X,Y) 

- g(U, JY)g(X, JZ) + g(U, JZ)g(X, JY)} 

Corollary 2.4. Let (M 6 ,g, J) be a nearly Kahler manifold of constant type a = 1, then 

(V x J)o(VxJ)Y = -\X\ 2 Y for Y±X,JX 

V*Vft = 4ft 

Lemma 2.5. Let X and Y be any vector fields on M, then the vector field (VxJ)Y is 
orthogonal to X, JX, Y, and JY . 

This lemma allows us to use adapted frames {e^} which are especially convenient for 
local calculations. Let e\ and e 3 be any two orthogonal vectors and define: 

e 2 := Je 1: e 4 := Je 3 , e 5 := (V ei J)e 3 , e 6 := Je 5 

Lemma 2.6. With respect to an adapted frame {e^} one has 

V J = e\ A e 3 A e$ — e\ A e 4 A e 6 — e 2 A e 3 A e 6 — e 2 A e 4 A e$ 
*(VJ) = — e 2 A e 4 A e 6 + e 2 A e 3 A es + ei A e 4 A es + ei A e 3 A e 6 
ft = e\ A e 2 + e 3 A e 4 + e 5 A e 6 

Corollary 2.7. Let ft be the fundamental 2 -form and X an arbitrary vector field, then 

(i) x^n = jx\ ij*n = jx b ao, Xjdfi = jXj*(fn 

(2) |ft| 2 = 3, *ft=|ftAft, vol=d A... Ae 6 = Jft 3 , ft A dft = 

(3) *X b = \ JX h A ft A ft, 

where X b denotes the 1-form which is metric dual to X . 

Proposition 2.8. Let (M 6 ,g, J) be a nearly Kahler, non-Kahler manifold with funda- 
mental 2 -form ft which is of constant type a = 1, then 

Aft = 12ft 
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Proof. To show that Q is an eigenform of the Laplace operator we will use the 
Weitzenbock formula on 2-forms, i.e. A = V*V + |Id — 27£. From Corollary 2.4 
we know that V*Vf2 = 4Q. Since we assume M to be of constant type 1 the scalar 
curvature is s = 30 and the *-Ricci curvature Ric* coincides with the Riemannian 
metric g. Hence, K($l){X,Y) = -Ric*(X,JY) = Q(X,Y). Substituting this into the 
Weitzenbock formula yields AQ = 12Q. 

n 

Corollary 2.9. If C, is any vector field satisfying L^(*dQ) = then 

d(J£-idn) = -12J£ b Afi (1) 

Proof. We use Corollary 2.7 and the relation L^ = d o £j + £j o d to obtain 
d{ J£j dSl) = -d(£j * dn) =^(d* dtt) = -£j (*d*dtt) = -£j (*Aft) 
Note that d*Q = 0. Again applying Corollary 2.7 together with (1) we get 

d{ J£j dVt) = -12£j (*ft) = -6£j (ft A il) = -12(£j ft) A ft = -12 J£ b A ft 

n 

The structure group of a nearly Kahler manifold (M 6 ,g,J) reduces to SU(3) which 
implies the decomposition A 2 (TM) = A inv © A anti with 

aGA™ «■ a(X,Y)= a(JX,JY) 
a e A anti <£> a(X, Y) = -a(JX, JY) 

We will denote the projection of a 2-form a onto A mv by c^ 1 ' 1 ) and the projection onto 
A antl by a^ 2 '°\ This is motivated by the isomorphisms 

A inv c ^ A (i,i) ( TM ) ^ u (3) ; A "" <g> C = A (2 ' 0) (TM) © A (0 ' 2) (TM) 

Lemma 2.10. TTie decomposition A 2 (TM) = A mv © A mt! is orthogonal and the projec- 
tions of a 2-form a onto the two components are given by 

a (1>1) (X,y) = ha(X,Y) + a(JX,JY)) = ^Re(a([X + iJX],\Y-iJY])) 

a {2 ' 0) {X,Y) = -{a{X,Y)-a{JX,JY)) = -Re{a{[X + iJX},[Y + iJY])) 

Under the isomorphism A 2 (TM) ^ Endo (TM) every 2-form a corresponds to a skew- 
symmetric endomorphism A which is defined by the equation a(X,Y) = g(AX,Y). 
Note that \A\ 2 = 2|a| 2 , where | • | is the norm induced from the Riemannian metric on 
the endomorphisms and on the 2-forms. 

Lemma 2.11. Let A^ 2 ' ^ resp. A^ 1 ' 1 ^ be the endomorphisms corresponding to the com- 
ponents a( 2 '°) resp. a^ l ' l \ then 

(1) A (2 ^ = \{A + JAJ), A (1 ^ = \{A-JAJ) 

(2) J o A^ = A^ oj, Jo A^ = -A^ o J 
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3. The Transversal Complex Structures 

In this section we consider 6-dimensional compact non-Kahler nearly Kahler manifolds 
(M,g, J) of constant type a = 1, i.e. with scalar curvature normalized by s = 30. We 
will assume from now on that (M, g) is not isometric to the sphere with its standard 
metric. 

Proposition 3.1. Let £ be a Killing vector field then the Lie derivative of the almost 
complex structure J with respect to £ vanishes 

L^J = 0. 

Proof. Nearly Kahler structures J on (M,g) are in one-to-one correspondence with 
Killing spinors of unit norm on M (cf. [13]). However, if (M,g) is not isometric to 
the standard sphere, the (real) space of Killing spinors is 1-dimensional, so there exist 
exactly 2 nearly Kahler structures compatible with g: J and —J. This shows that the 
identity component of the isometry group of M preserves J, so in particular L^J = 
for every Killing vector field £. 

□ 

Since a Killing vector field £ satisfies by definition L^g = we obtain that the Lie 
derivative L^ of all natural tensors constructed out of g and J vanishes. In particular, 
we have 

Corollary 3.2. If £ is a Killing vector field on the nearly Kahler manifold (M,g,J) 
with fundamental 2-form Q, then 

L^il) = 0, L^dSl) = 0, L^dty = 0. 

In order to simplify the notations we denote by £ := £ the dual 1-form to £. 
Corollary 3.3. d(J() = -£jrffi 

Proof. From L^n = follows: -£jdfi = d(£jfi) = d(J(). 

D 

Lemma 3.4. Let£ be a Killing vector field with metric dual^ and letdC, = d^'^+d^ 2 ' ^ 
be the type decomposition of dC,. Then the endomorphisms corresponding to d^ 2 ' ^ and 
^(1,1) are — Vj^ J and 2V.£ + Vj^J respectively. 

Proof. The equation L^J = applied to a vector field X yields [£, JY] = J[£,F], 
which can be written as 

V c JY - V jy £ = JV^Y - JVy£. 

From this equation we obtain 

(V c J)Y = V jy £ - JV Y C (2) 
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Let A (= 2V.£) denote the skew-symmetric endomorphism corresponding to the 2-form 
d(. Then (2) can be written 

Vt.J = )-{AoJ-JoA) 

From Lemma 2.1 we get Vj^J = (VgJ) o J, whence 

Vj^J =-(AoJ-JoA)oJ= --(A +JoAoJ) = -A (2 ' 0) 

For the corresponding 2-form we obtain: dQ 2 '°> = — Vjgfi. Finally we compute A' 1 ' 1 ) 

as 

A (1,1) =A- A {2fl) = 2V.£ + V J? J . 

n 

From now on we will mainly be interested in compact nearly Kahler manifolds admitting 
a Killing vector field £ of constant length (normalized to 1). We start by collecting 
several elementary properties 

Lemma 3.5. The following relations hold: 

(1) V 5 £ = V J? £ = V € J£ = V J5 J£ = 0, [£, Ji\ = 

(2) ^d( = J^d( = 0. 

In particular, the distribution V := span{£, J£} is integrable. 

We now define two endomorphisms which turn out to be complex structures on the 
orthogonal complement H := {£, J£,} ± : 

7:=V C J, and K:=V,^J. (3) 

Note that —K is the endomorphism corresponding to d^ 2 '°\ Later on, we will see 
that the endomorphism J := V.£+ ^Vj^J, corresponding to ^d^ 1 ' 1 ^, defines a complex 
structure on H, too. 

Lemma 3.6. The endomorphisms I and K vanish on span{£, J£} and define complex 
structures on H = {£, JC,} 1 - compatible with the metric g. Moreover they satisfy K = 
Jo J, = IoJ + JoI and for any X,Y G H the equation 

(V X J)Y=(Y,IX)Z+(Y,KX)JZ. 

We will call endomorphisms of TM, which are complex structures on H = {£, J^,} ± 
transversal complex structures. The last equation shows that VJ vanishes in the direc- 
tion of H. It turns out that the same is true for transversal complex structures / and 
J. 

Lemma 3.7. The transversal complex structures I and K are parallel in the direction 
of the distribution H , i.e. 

((V x I)Y,Z) = ((V x K)Y,Z) = 

holds for all vector fields X,Y, Z in H. 
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PROOF. First of all we compute for any vector fields X, Y, Z the covariant derivative of 
I. 

{(y x i)Y,z) = ((v x (v € /))y,z> = ((v^/)y,z> + ((v Vx€ i)y,z). 

If X is a vector field in H, then Lemma 2.5 implies that VxJ maps H to V and vice 

versa. 

Let now X, Y, Z be any vector fields in H. Then both summands in the above formula 
for Vj/ vanish, which is clear after rewriting the first summand using formula (5) of 
Lemma 2.1 and the second by using formula (1) of Lemma 2.1. 

The proof for the transversal complex structure K is similar. 

□ 

Our next goal is to show that \dC,^ 1,v> defines an complex structure on the orthogonal 
complement of span{£, J£}. 

Lemma 3.8. Let £ be a Killing vector field of length 1 then 

||^(l.l)||2 = 8 || rfC (2,0)||2 = 2 

Proof. We already know that the skew-symmetric endomorphism K corresponding 
to — d£( 2 '°) is an complex structure on {£, J^} -1 with K(£) = K(J£) = 0. Hence it has 
norm 4 and ||<iC ( ' 2 ' ' > l| 2 = |||-^|| 2 — 2. Next, we have to compute the norm of d^ 1 ' 1 ). 
Since £ is a Killing vector field we have A( = 10£, hence 

||dC (1 ' 1) ir = l|dCII 2 -||dC (2,0) ir = (AC,C)-2 = 8 

□ 

Corollary 3.9. The square norm of the endomorphism J corresponding to ^d^ 1 ' 1 ^ is 
equal to 4. 

Proposition 3.10. Let (M 6 ,g, J) be a compact nearly Kahler, non-Kahler manifold of 
constant type 1 and let £ be a Killing vector field of constant length 1 with dual 1-form 
(. Then 

d*(J() = and A(JC) = 18JC- 

In particular, the vector field JC, is never a Killing vector field. 

Proof. We start to compute the L 2 -norm of the function d*(JQ: 

K(JC)H 2 = (d*J(,d*J() = (A(JC), JC) - (d*d(J(), JC) 
Since A = V*V + Ric on 1-forms and Ric = 5Id we obtain 

||^(JC)|| 2 = ||V(JC)|| 2 + 5||JC|| 2 -||dJC|| 2 

To compute the norm of V( JC) we use the formula 2(VX b ) = dX b + Lxg which holds 
for any vector field X. 
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Note that the decomposition T*M ®T*M = A 2 (TM) © Sym 2 (TM) is orthogonal. 
Together with Lemma 4.1 this yields 

l|V(JC)H 2 = \ {WdJCW 2 + \\Ljtg\\ 2 ) = \ (\\dJCf + 4|| Jf 

From Lemma 3.8 follows: \\J\\ 2 = ^|MC^ 1 ' 1 ' ) || 2 = 4. Using Corollary 3.3, the formula 
dfl = 3Vf2 and the fact that / = V^ J is again a transversal complex structure, we find 

||rfJC|| 2 = 9||^Vfi|| 2 = 36. 

Combining all these computations yields ||<i*(JC)|| 2 = 0. 

Next we want to compute AJ(. We start by using the Weitzenbock formula on 1-forms 
and the equation V*V(Jr) = (V*VJ)r + J(V*Vr) - 2 E( V e^)(V ei T) for any 1-from 
r. This gives 

AJC = V*VJC + Ric(JC) = (V*VJ)C + J(V*VC) + 5(JC)-2^(V ei J)(V ei C) 
= 14JC-2^(V ei J)(V ei C) 

For the last equation we used Corollary 2.4 and the assumption that £ is a Killing vector 
field, hence V*VC = A£ — Ric(C) = 5(. Since d*(J() = we can compute AJ( by 

AJC = d*d(J() = J2 e i^e i (^dn) = Y,e^(Ve£)jdn + e i jtj(V ei <m) 

= -3j](V ei Q)(V ei O + 12JC 

Comparing these two equations for AJ( we get XXV e .fi)(V e .£) = —2J(, so finally 
AJC = 18JC. 

Since AX = 2Ric(X) = 10X for every Killing vector field X, J( cannot be Killing. 

□ 

Notice that if the manifold M is not assumed to be compact a local calculation still 
shows that d*(J() is a constant. 

Corollary 3.11. If ^ is a Killing vector field of unit length, then 

{dc,n) = (dc^' 1) ,n) = o. 

Proof. Using Corollary 2.7 we calculate 

(d(, fi)vol = d( A *Q = -d( A n A n = -d(( A n A Q) = -d(* J() = *(d* J() = 

This proves the corollary since the decomposition A 2 (TM) = A mv © A mt * is orthogonal 
and n e A inv . 

D 

We are now ready to prove that the (1, l)-part of d( defines a fourth complex structure 
on H = {£, Jl;} ± . Indeed we have 
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Proposition 3.12. Let £ be a Killing vector field of constant length 1. Then 

defines a transversal complex structure on H which is compatible with the metric g. 
Moreover, J is the skew-symmetric endomorphism corresponding to |c?C <1 ' 1 ' ) an d tt com- 
mutes with I, J and K: 

[J,J] = [J,K] = [J,I] = 0. 

Proof. Lemma 3.4 shows that J corresponds to ^d^ 1 ' 1 ^. Since (d^ 1 ' 1 ), fi) = and 
since J vanishes on span{£, J£}, it follows that dQ 1 ' 1 ' G Ag ' (H) = At(H). Hence 

j* = -h\jfid H = -id H . 



Finally, J, commutes with /, J and K since endomorphisms corresponding to self-dual 
and anti-self-dual 2-forms in 4 dimensions commute. 

□ 



4. Projectable Tensors 

In this section we want to study which of the above defined tensors descend to the 
space of leaves of the integrable distribution V = span{£, J£}. For doing this we have 
to compute Lie derivatives in the direction of £ and J£. We first remark that the flow of 
£ preserves both the metric g and the almost complex structure J, thus it also preserves 
J, K, d(, J etc. 

The situation is more complicated for J£. Since J£ is not Killing for g, we have to 
specify, when computing the Lie derivative of a tensor with respect to J£, whether the 
given tensor is regarded as endomorphism or as bilinear form. Here we need the following 
lemma, a direct consequence of the definition of the Lie derivative and Proposition 3.12. 

Lemma 4.1. Let a G T(T*M <g>T*M) be a (2,0)-tensor and A be the corresponding 
endomorphism. Then the Lie derivatives of A and a with respect to J£ are related by 

(Ljz<x)(X,Y) = g((LjzA)X,Y) +2g(JJA(X),Y). (4) 

In particular, the Lie derivative of the Riemannian metric g with respect to J£ is: 

Ljsg = 2g(JJ;-). (5) 

Proof. Taking the Lie derivative in a(X, Y) = g(AX, Y) yields 

(Ljta)(X,Y) = (L Jig )(AX,Y)+g((LjzA)X,Y). 
Thus (5) implies (4). Taking a = g in (4) yields (5), so the two assertions are equivalent. 
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Using Proposition 3.12 we can write: 

L J(L g{X,Y) = g(V x JZ,Y)+g(X,V Y JO 

= V J(X, £, Y) + V J(Y, f , X) + g( JVxZ, Y) + g(JV Y ^ X) 

= g(J(J- l -K)X,Y)+g(J{J- l -K)Y,X) = 2g(JJX,Y). 

n 

From Lemma 3.5 we see that Lj^ = Lj^JC, = 0. Thus, if ( and J( denote the metric 
duals of £ and J£, (5) shows that Lj^( = Lj^J( = 0. We thus get 

Lj^d() = Ljz(dJC) = 0. (6) 

Lemma 4.2. If £ is a Killing vector field of constant length 1, then 

L^(Q) = J£j dVL-d( = Au K - 2uj, Ljz(J) = AK, (7) 

Ljs(ojk) = -4fi + 4C A J( = -Aojj, Ljs(K) = -AJ\ H - 21 J (8) 

Ljz(u;j) = -2n + 2(AJ(, L J5 (J) = (9) 

L H {ui) = 0, Ljz(I) = 2JK (10) 

where uj, ujk, lvj are the 2-forms corresponding to I, K, J and ooj denotes the projection 
of VI onto A 2 H, i.e. u,j = £1 - £ A J£. 

Proof. We will repeatedly use the formula Lxol = X_ida + dXja, which holds for 
any vector field X and any differential form a. 

Proposition 3.12 shows that 

2ujj = dC + uj K (11) 

hence 

Ljt.Q = J£j dVt + d(J£j Q) = J£j dQ-d( = 3lo k -d( = Auo K - 2uj. 

The second equation in (7) follows by taking A = J in Lemma 4.1. 

Using Corollary 2.9 we get 

Lj^uk) = \lj^j^j dvt) = i j£j d( j£j <m) = -4j£j ( jc, a n) = -aq + a(a j(. 

The second equation in (8) follows directly from the first one, by taking A = K in 
Lemma 4.1. 

Using (6), (8) and (11) we obtain 

2L^ujj = Ljt.(d( + uj k ) = Lj^k = -An + A( A J(. 

The second part of (9) follows from Lemma 4.1. 

Finally, in order to prove (10) we use (6) twice: 

Ljtcuj = hj^dQ) = ^jLjz(<m) = -4£j (JC A SI) = 0, 
and the second part follows from Lemma 4.1 again. 
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□ 



5. The Transversal Involution 

We define a transversal orthogonal involution a G End(TM) by 

a = KoJ, 

i.e. we have a 2 = Id on H and o = on V = span{£, J£}. Hence, the distribution H 
splits into the (±l)-eigenspaces of a and we can define a new metric go on M as 

9o = g + ^g((r;-), (12) 

i.e. we have g = g on V, g = \g on the (— l)-eigenspace of a and g = |g on the 
(+l)-eigenspace of a. The reason for introducing g is the fact that, in contrast to g, 
this new metric is preserved by the flow of J£ (cf. Corollary 5.2 below). 

Lemma 5.1. If A^ denotes the (2,0)-tensor corresponding to an endomorphism A, and 
eft denotes the endomorphism corresponding to a (2,0) -tensor a with respect to the 
metric g, then 

Lj^a b = -4(JJ) b 

Proof. The right parts of (8) and (9) read 

Ljt(K) = -47 + 4(C A JC) fl - 21 J, Lj^J) = 2(( A J()K 

We clearly have (C A J(f o K = K o (( A J(f = (( A J(f o J = J o (( A J()* = 0, 
therefore 

Lj^a = (L J( K)J + K(L J( J) = (-4J + 4(C A J(f - 2JJK)J = -4JJ- 21. 

Thus Lemma 4.1 gives 



Lj^ = (-AJJ - 2/) b + 2(JJ(KJ)f = -4(JJ) b . 

Corollary 5.2. The metric go is preserved by the flow of J£: 

Ljtfo = 0. 

Proof. Direct consequence of (5): 

Ljeto = Ljt(9 + \°*) = 2(JJf + ^(-4(JJ) b ) = 0. 



□ 



□ 



Proposition 5.3. For every horizontal vector fields X, Y, Z G H , the Levi-Civita 
connection V 90 of go is related to the Levi-Civita connection V of g by the formula 

goiy^Y, Z) = go{V x Y, Z) + ±g ((l - \a)[{y x a)Y + (V KX J)Y], Z). (13) 
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Proof. Since the expression g (V 9 xY, Z) — g (V x Y,Z) is tensorial, we may suppose 
that X, Y, Z are V-parallel at some point where the computation is performed. The 
Koszul formula for go(V^Y, Z) yields directly 

2g (V»Y, Z) = 2g (V x Y, Z) + ± [((V x a)Y, Z) + ((Vycr)X, Z) - ((V z <r)X, Y)} , (14) 

where (•, •) denotes the metric g. Since a = KoJ=JoK and since - accord- 
ing to Lemma 3.7 - K is V-parallel in direction of H, we obtain ((V x c)Y, Z) = 
{(S xJ)KY, Z). Now, (11) shows that 2ioj — ujk = d^ is a closed 2-form. Hence, 

{(V Xl j)X 2 ,X 3 ) + ((V X J)X 3 ,X 1 ) + ((V X J)X 1 ,X 2 ) = 
for all vectors X^. Using this equation for Xi = Y, X 2 = KX and X 3 = Z we obtain 
((Vxcr)y, Z) + ((Vya)X, Z) - ((V z a)X, Y) = 

= ((V X J)KY, Z) + ((V Y J)KX, Z) - ((VzJ)KX, Y) 

= ((V X J)KY + {Vkx J)Y, Z) = {{V x a)Y + (V KX J)Y, Z) 
The desired formula then follows from (12) and (14) using 

(id H + -a)(id H --a) = -id H . (15) 

□ 

We consider the space of leaves, denoted by N, of the integrable distribution V = 
span{£, J£}. The 4-dimensional manifold N is a priori only locally defined. It can be 
thought of as the base space of a locally defined principal torus bundle T 2 <— *• M — ► N. 
The local action of the torus is obtained by integrating the vector fields £ and £' = iry^J^- 
Moreover, if one considers the 1-forms ( and (' on M associated via the metric g to 
the vector fields £ and 2y / 3J£ it follows that £(£) = C'(£') = 1 an d the Lie derivatives 
of £ and (' in the directions of £ and £' vanish by (6). Therefore £ and (' are principal 
connection 1-forms in the torus bundle T 2 <—* M — > N. 

A tensor field on M projects to A" if and only if it is horizontal and its Lie derivatives with 
respect to £ and J£ both vanish. All horizontal tensors defined above have vanishing 
Lie derivative with respect to £. Using (10) together with Corollary 5.2 we see that ooi 
and go project down to N. Moreover, uj is compatible with g in the sense that 

u t (X, Y) = 4f o(/oX, Y), \/X,YeH, 
where Jo is the go~compatible complex structure on H given by 

This follows directly from (12) and (15). Keeping the same notations for the projections 
on A" of projectable tensors (like go or Jo) we now prove 

Theorem 5.4. (N 4 ,g ,I ) is a Kdhler manifold. 
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Proof. In order to simplify notations we will denote by V and V 30 the partial connec- 
tions on the distribution H given by the if -projections of the Levi-Civita connections 

V and V 30 . 

Then Proposition 5.3 reads 

V^° = Vx + \(i&h - \a){V x a + V^J). (16) 

We have to check that V^/o — for all X in H . We first notice the tautological 
relation V x'i&h — 0. From Lemmas 3.6 and 3.7 we have V X I = V^J = V xK = 
for all X in H. Moreover, the fact that I, J and K commute with J and the relation 
J 2 = idjy easily show that WxJ commutes with I, J, K and anti-commutes with J and 
a. Consequently, V^o" (= KWxJ) commutes with K and anti-commutes with J, J, J 
and a for all X e H. 

We thus get 

Vx/o = Vx^(/ - \al) = -^=(V x cr)L (17) 

On the other hand, the commutation relations above show immediately that the endo- 
morphism I commutes with (id# — \g)VkxJ and anti-commutes with (id/r — |<j)Vxc. 
Thus the endomorphism |(id# — \cr)(V x<? + ^ kxJ) acts on J by 

-iid H --a)(V x a + V K xJ){h) = 2-(ld H - -a)(y x a)I 

4 1 ~ 1 

-.(id H - -o-)VxO"(id^ - -<y)I 



3 V / 3 V 2 ^— v " 2 

4 1 1 

(idtf - -<r)(id H + -ff)(V X (j)/ 



3>/3 v 2 " fl 2 

7f (v - )J 



This, together with (16) and (17), shows that V^/q = 0. 



□ 



We will now look closer at the structure of the metric g. Since 

9 = 9o + ^u K (J;-), 

the geometry of N, together with the form ujk and the almost complex structure J de- 
termine completely the nearly Kahler metric g. But the discussion below will show that 
ujk depends also in an explicit way on the geometry of the Kahler surface (N A , go, Iq). 

If a is a 2-form on H we shall denote by a', resp. a" the invariant, resp. anti- 
invariant parts of a with respect to the almost complex structure Jq. An easy algebraic 
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computation shows that uj is 7 ~ an ti~invariant whilst 

1 2 

J K = --{uj k - 2uj), and J' K = -(2u K - uj). (18) 

Consider now the complex valued 2-form of H given by 

m = JlJ' K + 2itoj. (19) 

It appears then from Lemma 4.2 and (18) that 

L^ = itf . (20) 

Thus \I/ is not projectable on N, but it can be interpreted as a £-valued 2-form on N, 
where C is the complex line bundle over N associated to the (locally defined) principal 
S^-bundle 

M/{£}^N:=M/{^0 

with connection form ('. 

Corollary 3.3, together with (3) implies that the curvature form of L equals 

dC = -QV3LUj = -l2g (I -,-). (21) 

Notice that, since the curvature form of C is of type (1,1), the Koszul-Malgrange 
theorem implies that C is holomorphic. 

The following proposition computes the Ricci curvature of the Kahler surface (iV 4 , g, I ) 
by identifying the line bundle C with the anti-canonical bundle of (N, Iq) . 

Proposition 5.5. (N A ,g,I ) is a Kahler- Einstein surface with Einstein constant equal 
to 12. Moreover, C is isomorphic to the anti-canonical line bundle K, of (N 4 , g , I ) . 

Proof. We first compute uj(I -, •) = -^oo" K and (cj^)(/ -, •) = -j^j- These lead to 

*(/„•, •) = -** 

in other words \& belongs to A 7 ' (H,C). We already noticed that by (20), \& defines a 
section of the holomorphic line bundle 

Ajf (iV) ®C = K- l ®C. (22) 

Since \1/ is non-vanishing, this section induces an isomorphism \1/ : K, — >■ C. We now 
show that \l/ is in fact V 9c *— parallel. 

Notice first that K commutes with {id H — |<7)(Vxc + V ' kxJ) (it actually commutes 
with each term of this endomorphism) , and VK = by Lemma 3.7. Thus (16) shows 
that 

V go K = 0. (23) 

Furthermore, using the relation 

4 a 

g(-,-) = 3^o((l- ^ );•), 
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\l/ can be expressed as 

V = -j=g ((K-iI K).,.). (24) 

Since V 90 ^ = and V 9 % = (by Theorem 5.4), (23) and (24) show that * is V So - 
parallel. 

Hence the Ricci form of (N 4 , go, Iq) is opposite to the curvature form of C. From (21) 
we obtain Ric go = 12g , thus finishing the proof. 

□ 

Proposition 5.6. The almost complex structure J on H is protectable and defines an 
almost Kdhler structure on (N,g ) commuting with Iq. 

Proof. Lemma 4.2 shows that J is projectable onto N. Let us denote the associated 



opci.ij ou yo u y u ' 

g we can write 



2-form with respect to go by Uj. Identifying forms and endomorphisms via the metric 



4 := 9o(J; •) = (! + \°)J= (1 + \kj)J= J- \k = ±d(. 

This shows that u Q j is closed, so the projection of (go, J) onto N defines an almost 
Kahler structure. 

□ 

Together with Proposition 5.5, we see that the locally defined manifold N carries a 
Kahler structure (go, Iq) and an almost Kahler structure (go, J), both obtained by pro- 
jection from M. Moreover go is Einstein with positive scalar curvature. If iV were 
compact, we could directly apply Sekigawa's proof of the Goldberg conjecture in the 
positive curvature case in order to conclude that (go, J) is Kahler. As we have no 
information on the global geometry of N, we use the following idea. On any almost 
Kahler Einstein manifold, a Weitzenbock-type formula was obtained in [2], which in 
the compact case shows by integration that the manifold is actually Kahler provided 
the Einstein constant is non-negative. In the present situation, we simply interpret on 
M the corresponding formula on N, and after integration over M we prove a point- 
wise statement which down back on iV just gives the integrability of the almost Kahler 
structure. 

The following result is a particular case (for Einstein metrics) of Proposition 2.1 of [2]: 

Proposition 5.7. For any almost Kahler Einstein manifold (N 2n , g , J, fl) with covari- 
ant derivative denoted by V and curvature tensor R, the following pointwise relation 
holds: 

A N s* - 85 N ((p*, V.ft)) = -8|i?T - |V*Vfi| 2 - |0| 2 - — iVfil 2 , (25) 

2n 

where s and s* are respectively the scalar and ^-scalar curvature, p* := R(Q) is the 

* -Ricci form, <p(X,Y) = (Vjx&, Vyfi), and R" denotes the projection of the curvature 

tensor on the space of endomorphisms of [A 2 '°iV] anti- commuting with J . 
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We apply this formula to the (locally defined) almost Kahler Einstein manifold (N, go, J) 
with Levi-Civita covariant derivative denoted V° and almost Kahler form Cl and obtain 

F + 8 N a = 0, (26) 

where 

F : = 8|i?"| 2 + |(V°)*V°fi| 2 + |0| 2 + ||V°fi| 2 

is a non-negative function on iV and 

a ■= ds* - 8g (p* ,V°ft) 

is a 1-form, both a and F depending in an explicit way on the geometric data (go, J). 
Since the Riemannian submersion it : (M, g ) — > N has minimal (actually totally geo- 
desic) fibers, the codifferentials on M and N are related by 5 M (n*a) = 7T*5 N a for every 
1-form a on N. Thus (26) becomes 

7i*F + 5 M (7v*a) = 0. (27) 

Notice that the function n*F and the 1-form 7i*a are well-defined global objects on M, 
even though F, a and the manifold iV itself are just local. This follows from the fact 
that F and a only depend on the geometry of N , so n*F and ii*a can be explicitly 
defined in terms of go and J on M. 

When M is compact, since ir*F is non-negative, (27) yields, after integration over M, 
that 7c*F = 0. Thus F = on N and this shows, in particular, that = 0, so J is 
parallel on N. 

6. Proof of Theorem 1.1 

By the discussion above, when M is compact, J is parallel on iV with respect to the 
Levi-Civita connection of the metric go, so J is V 90 -parallel on H. 

Lemma 6.1. The involution a is V -parallel. 

PROOF. Since a = JK, (23) shows that V 90 a = 0. Using (16) and the fact that a 
anti-commutes with V^ff and V^J for every X e H , we obtain 

2 1 - 

Vxv + -(id H - -o-)(V x cr + V KX J)(T = 

for all X in H . Since / commutes with VxJ and anti-commutes with a and Vxtx, the 
/-invariant part of the above equation reads 

^(V x o-)a + -V K xJ = 0. (28) 

But a = JK and VK = 0, so from (28) we get 

2(V X J)J = V KX J- 
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Replacing X by KX and applying this formula twice yields 

V X J=-2(V KX J)J = AV X J, 
thus proving the lemma. 



□ 



We now recall that the first canonical Hermitian connection of the NK structure (g, J) 
is given by 

Vu = V v + -{VijJ)J 

whenever U is a vector field on M. We will show that (M 6 ,g) is a homogeneous 
space actually by showing that V is a Ambrose-Singer connection, that is VT = 
and V-R = 0, where T and R denote the torsion and curvature tensor of the canonical 
connection V. 

Let H± be the eigen-distributions of the involution a on H, corresponding to the eigen- 
values ±1. We define the new distributions 

E =< £ > ®H + and F =< J£ > ©if_. 

Obviously, we have a (^-orthogonal splitting TM = E © F, with F = JE. 

Lemma 6.2. The splitting TM = E © F is parallel with respect to the first canonical 
connection. 

Proof. For every tangent vector U on M we can write 

V^ = V^ + \iyuJ)Ji = JU- l -KU + \ JIU = (a + 1)JU, 

showing that V[/£ belongs to E (actually to H + ) for all U in TM. 

Let now Y + be a local section of H + . We have to consider three cases. First, 

V^Y + = V ? F + + i(V € J) JY + = L ( Y + + V y+ e + \lJY + = L ( Y + + JY + 

belongs to H + since Lg and J both preserve H + . Next, if X belongs to H then: 

W X Y + = V X Y + + (V X Y + , C)C + (VxKf, J£)J{; 

But < V X Y + , J£ >=< JY + , VxC >= by the above discussion and the fact that JY + 
is in i?_, and V X Y + is an element of H + by Lemma 6.1. Thus V X Y + belongs to E. 

The third case to consider is 

v js y + = v J€ y+ + i(v J€ j)jy + = L J€ y + + Vy + je-iv € y + 

= L J( Y + + (v y+ j)e + JV Y+ i-\lY + 

= L J5 y + - IY + + J(JY + - l -KY + ) - l -IY + 
= L J( .Y + -2IY + + JJY + . 
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On the other hand 

Lj^Y + = Ljz<tY + = <jLj{Y + + (Lj^a)Y + , 
so the H_ -project ion of Lj(Y + is 

7T H _LjsY + = l -^L.^Y + = l -{L J!; a)Y + . 
Using (8) and (9) and the previous calculation we get 

*h_ (V j? F + ) = tt h _ (LjzY + - 2IY + + JJY + ) = tt h _ {\{L Ji a)Y + - 2IY+ + JJY+) 
= ix H _ ((/ - 2JJ- 2/ + JJ)Y+) = -ir H _({l + a){Y + )) = 0. 

Thus E is V-parallel, and since F = JE and VJ = by definition, we see that F is 
V-parallel, too. 

D 

Therefore the canonical Hermitian connection of (M 6 , g, J) has reduced holonomy, more 
precisely complex irreducible but real reducible. Using Corollary 3.1, page 487 of [16] 
we obtain that VR = 0. Moreover, the condition VT = is always satisfied on a 
NK manifold (see [3], lemma 2.4 for instance). The Ambrose-Singer theorem shows 
that if M is simply connected, then it is a homogeneous space. To conclude that 
(M, g, J) is actually S 3 x S 3 we use the fact that the only homogeneous NK manifolds 
are S 6 , S 3 x S 3 , CP 3 , F(l, 2) (see [5]) and among these spaces only S 3 x S* 3 has vanishing 
Euler characteristic. If M is not simply connected, one applies the argument above to 
the universal cover of M which is compact and finite by Myers' theorem. The proof of 
Theorem 1.1 is now complete. 

□ 



7. The Inverse Construction 

The construction of the (local) torus bundle M 6 — > N 4 described in the previous sections 
gives rise to the following Ansatz for constructing local NK metrics. 

Let (N 4 ,g Q ,I Q ) be a (not necessarily complete) Kahler surface with Ric = 12g and 
assume that go carries a compatible almost-Kahler structure J which commutes with 
Jo- Let C —>■ N be the anti-canonical line bundle of (N ,g ,Io) and let ~K\ : Mi — > N 
be the associated principal circle bundle. Fix a principal connection form in M\ with 
curvature — 12u( go j y Let H be the horizontal distribution of this connection and let 
$ in A j (H,C) be the "tautological" 2-form obtained by the lift of the identity map 
1/-.-1 : C- 1 -► C- 1 . 



Give Mi the Riemannian metric 



9i = e®6 + ^k\ 9 o - ^=(Re$)(J; •)• (29) 
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Let now M denote the principal S^-bundle ir : M — *■ Mi with first Chern class repre- 
sented by the closed 2-form Q = 2n*go(J-, •). Since we work locally we do not have to 
worry about integrability matters. Let \x be a connection 1-form in M and give M the 
Riemannian metric 



g = fi 2 + 7i*g 1 . 



We consider on M the 2-form 



u = -±=/ jt Air*e + ±ir*(Irn$). (30) 

By a careful inspection of the discussion in the previous sections we obtain: 

Proposition 7.1. (M 6 , g,u) is a nearly Kahler manifold of constant type equal to 1. 
Moreover, the vector field dual to fi is a unit Killing vector field. 

Notice that the only compact Kahler-Einstein surface (N 4 ,go,Io) with Ric = 12go 
possessing an almost Kahler structure commuting with I is the product of two spheres 
of radius -K= (see [2]), which corresponds, by the above procedure, to the nearly Kahler 

structure on S* 3 x S* 3 . Thus the new NK metrics provided by our Ansatz cannot be 
compact, which is concordant with Theorem 1.1. 
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